
Yamabe solitons on 3-dimensional cosymplectic
manifolds

Abstract

The purpose of this paper is prove that if a 3-dimensional cosymplectic manifold M3 ad-
mits a Yamabe soliton, then either M3 is locally flat or the potential field is a contact vector
field. Finally, an example of Yamabe soliton on a 3-dimensional cosymplectic manifold is given.
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1 Introduction

Geometry of several kinds of almost contact metric manifolds is subject of many researches in the
last decade. Specially, the notion of Ricci soliton as a generalization of Einstein metric, on some
classes of almost contact metric manifolds have been investigated by many authors. For instance,
it is proved that any 3-dimensional Sasakian manifold admitting a non-trivial Ricci soliton is ho-
mothetic to the standard Sasakian structure on 3-dimensional Heisenberg group [5]. In [4], Ghosh
proved that a 3-dimensional Kenmotsu manifold equipped with a Ricci soliton in necessarily of
constant sectional curvature −1. Recently, one of the present author in a joint work has studied
Ricci ρ-soliton on 3-dimensional η-Einstein almost Kenmotsu manifolds [3]. The results show that
if an η-Einstein almost Kenmotsu manifold M3 admits a ρ-Ricci soliton, then M3 is a Kenmotsu
manifold whith constant sectional curvature −1 and the soliton is expanding with λ = 2. Ricci
solitons on 3-dimensional cosymplectic manifolds have been studied by Wang [7] and a rigidity
theorem on these type of manifold is obtained.

The notion of Yamabe flow was introduced by R. S. Hamilton in 1988 in order to study Yamabe’s
conjecture stating that any metric is conformally related to a metric with constant scalar curvature.
Also, Yamabe solitons serve as self semilar solutions of Yamabe flow. This notion is the subject of
many researches in the last decade. A Riemannian manifold (Mn, g) is said to be a Yamabe soliton
if there are a smooth vector field V and a constant λ such that

LV g = 2(λ−R)g, (1.1)

where R is the scalar curvature and L stands for the Lie derivative operator. The soliton is shrinking,
steady and expanding according as λ < 0,= 0 and > 0. It is worth mentioning that Yamabe solitons
serve as self-similar solutions to the Yamabe flow.
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If V = ∇f for some real valued smooth function f on M , then it is called the gradient Yamabe
soliton and f is called the potential function. In this case the equation (1.1) can be rewritten as
follows.

∇2f = (λ−R)g. (1.2)

In this paper, we consider Yamabe solitons on 3-dimensional cosymplectic manifold M3. We
prove that if the cosymplectic manifold M3 admits a Yamabe soliton, then either M3 is locally flat
or the potential field is a contact vector field. Our main result in this paper is the following.

Theorem 1.1 If a three-dimensional cosymplectic manifold M3 admits a Yamabe soliton, then
either M3 is locally flat or the potential field is a contact vector field.

The paper is organized as follows. After preliminaries on contact manifolds, we present the
proof of our main theorem in section 3. We also, consider some special potential vector fields of
Yamabe solitons on 3-dimensional cosymplectic manifolds. Finally, an example of Yamabe soliton
on a 3-dimensional cosymplectic manifold is given.

2 Cosymplectic manifolds

In this section we summarize some basic definitions on contact manifolds, with emphasis on those
aspects that will be needed in the next section. For more details one can consult [2].
An almost contact structure on a (2n + 1)-dimensional smooth manifold M is a triple (ϕ, ξ, η),
where ϕ is a (1, 1)-type tensor field, ξ is a global vector field and η a 1-form, such that

ϕ2 = −id + η ⊗ ξ, η(ξ) = 1, (2.1)

where, id denotes the identity mapping, which imply that ϕ(ξ) = 0, η ◦ ϕ = 0 and rank(ϕ) = 2n.
Generally, ξ is called the characteristic vector field or the Reeb vector field.
A Riemannian metric g on M2n+1 is said to be compatible with the almost contact structure (ϕ, ξ, η)
if for every X, Y ∈ X (M), we have

g(ϕ(X), ϕ(Y )) = g(X, Y ))− η(X)η(Y ).

An almost contact structure endowed with a compatible Riemannian metric is said to be an almost
contact metric structure. The fundamental 2-form of an almost contact metric manifold M2n+1 is
defined by

Φ(X, Y ) = g(X,ϕ(Y ))

for any vector fields X, Y on M2n+1.
An almost contact metric manifold is defined as an almost cosymplectic manifold such that dη = 0
and dΦ = 0. In particular, an almost cosymplectic manifold is said to be a cosymplectic manifold
if ∇ϕ = 0. Moreover, on a cosymplectic manifold we have the following relation:

∇ξ = 0 (⇐⇒ ∇η = 0), (2.2)

which implies that ξ is a Killing vector field. It follows directly that

R(., .)ξ = 0 (=⇒ Rc(ξ) = 0), (2.3)
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where Rc stands for the Ricci operator. An almost contact structure is said to be almost α−Kenmotsu
if dη = 0 and dω = 2αη ∧ ω for a non-zero constant α. More generally, if the constant α is any
real number, then an almost contact structure is said to be almost α−cosymplectic [8]. More-
over, Aktan et al. [1] generalized the real number α to a smooth function f on M and defined an
almost f−cosymplectic manifold, which is an almost contact metric manifold (M,ϕ, ξ, η, g) such
that dω = 2fη ∧ ω and dη = 0 for a smooth function f satisfying df ∧ η = 0. In addition, if the
almost f−cosymplectic structure on M is normal, we say that M is an f−cosymplectic manifold.
Obviously, if f is constant, then an f−cosymplectic manifold is either cosymplectic under condition
f = 0, or α− Kenmotsu (α = f ̸= 0). For a (2n + 1)−dimensional f−cosymplectic manifold the
following identity is valid:

∇Xξ = −fϕ2X (2.4)

3 Proof of main Theorem

In this section we prove our main result.

Proof of Theorem 1.1: Let (M3, g, V, λ) is a Yamabe soliton on a cosymplectic manifold M
of dimension 3. Recall that the curvature tensor R of any 3-dimensional Riemannain manifold can
be written as

R(X,Y )Z =g(Y, Z)RcX − g(X,Z)RcY +Ric(Y, Z)X

− Ric(X,Z)Y − R

2
{g(Y, Z)X − g(X,Z)Y }, (3.1)

for any vector fields. If we replace both Y and Z by ξ in the formula (3.1), using ∇ξ = 0 yields

Rc =
R

2
id− R

2
η ⊗ ξ, (3.2)

where R denotes the scalar curvature. Therefore M3 is an η-Einstein manifold. It follows directly
from (3.2) that

(∇XRc)Y =
1

2
X(R)Y − 1

2
X(R)η(Y )ξ, ∀Y, Z ∈ X (M). (3.3)

If we contract X in (3.3) and use the following well-known formula

trace{X → (∇XRc)Y } =
1

2
Y (R),

we obtain ξ(R)η(Y ) = 0 fir any vector field Y on M and this is equivalent to

ξ(R) = 0. (3.4)

In the other hand, by (1.1) we obtain

(LV g)(Y, Z) = 2(λ−R)g(Y, Z). (3.5)
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Taking the covariant differentiation from both sides of the above formula along an arbitrary vector
field X we obtain the following equality for any vector fields Y and Z on M .

(∇XLV g)(Y, Z) = −2X(R)g(Y, Z). (3.6)

But we know the following formula from Yano [6],

(LV∇Xg −∇XLV g −∇[V,X]g)(Y, Z) = −g((LV∇)(X, Y ), Z)− g((LV∇)(X,Z), Y ).

Since ∇ is the Levi-Civita connection of M we have ∇g = 0 and then the above formula becomes

(∇XLV g)(Y, Z) = g((LV∇)(X,Y ), Z) + g((LV∇)(X,Z), Y ).

One can easily check that the operator (LV∇) is a symmetric tensor field of type (1, 2) i.e.,
(LV∇)(X, Y ) = (LV∇)(Y,X). In fact, this symmetry is a consequence of Jacobi identity in the Lie
algebra of smooth real function on M . Hence, a simple combinatorial argument shows that

g((LV∇)(X, Y ), Z) =
1

2
(∇XLV g)(Y, Z) +

1

2
(∇YLV g)(Z,X)− 1

2
(∇ZLV g)(X, Y ). (3.7)

Using (3.7) and (3.6) the following formula is obtained,

(LV∇)(X,Y ) = g(X, Y )∇R−X(R)Y − Y (R)X. (3.8)

Taking the covariant differentiation of (LV∇)(Y, Z) along an arbitrary vector fieldX, we may obtain

(∇XLV∇)(Y, Z) = g(Y, Z)∇X∇R− g(Z,∇X∇R)Y − g(Y,∇X∇R)Z (3.9)

The following tonsorial identity is well-known (see [6]),

(LVR)(X, Y )Z = (∇XLV∇)(Y, Z)− (∇YLV∇)(X,Z), (3.10)

for any vector fields X, Y , and Z. By a straightforward computation we obtain

(LVR)(X,Y )Z =g(Y,∇X∇R)Z − g(Z,∇X∇R)Y

+ g(X,∇Y∇R)Z − g(Z,∇Y∇R)X

+ g(Y, Z)∇X∇R− g(X,Z)∇Y∇R (3.11)

for any vector fields X, Y , and Z. Applying (2.2) and (3.4) we obtain ∇ξ∇R = 0. Thus, using this
and contracting the tonsorial relation (3.11) over X, then a straightforward computation shows

(LVRic)(Y, Z) = g(Y, Z)△(R), (3.12)

for any Y, Z ∈ X (M). Moreover, keeping in mind that M is an η-Einstein manifold, by (3.3) and a
straightforward calculation we obtain that

(LVRic)(Y, Z) =
1

2
V (R)g(Y, Z) +

R

2
[g(∇Y V, Z) + g(∇ZV, Y )]

−1

2
V (R)η(Y )η(Z)− R

2
η(∇Y V )η(Z)− R

2
η(∇ZV )η(Y )
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for any vector fields Y, Z ∈ X (M). Subtracting (3.12) from this equation gives the following
equation, (

2△(R)− V (R)−R(λ−R)
)
g(Y, Z) + V (R)η(Y )η(Z)

+Rη(∇Y V )η(Z) +Rη(∇ZV )η(Y ) = 0 (3.13)

Putting Z = ξ and Y orthogonal to ξ into (3.13), gives Rg(∇Y V, ξ) = 0. This implies that either
R = 0 or g(∇ξV, Y ) = 0. In the first case, because of (3.2) M3 is Einstein and according to (2.3), it
is easily seen that M3 is locally flat. If g(∇ξV, Y ) = 0, then putting f = η(∇ξV ) we have ∇ξV = fξ.
On the other hand, from (1.1) we have

g(∇XV, Y ) + g(∇Y V,X) = 2(λ−R)g(X, Y ), (3.14)

for any vector field X,Y . Putting, X = ξ and Y orthogonal to ξ into above equation gives
η(∇Y V ) = 0, which is equivalent to Y (η(V )) = 0 for any vector field Y ∈ {ξ}⊥. Now, we can write

(LV η)(X) = ∇V η(X)− η(∇VX −∇XV ) = η(∇XV ) = X(η(V )) = η(X)η(∇ξV ) = fη(X)

for any vector field X, where we have applied the fact that η(V ) is invariant along only Y ∈ {ξ}⊥.
In this context , we say that the potential vector filed V is a contact vector field, that is, LV η = fη.
This completes the proof.

Corollary 3.1 If a 3-dimensional cosymplectic manifold admits a Yamabe soliton with ξ the po-
tential vector field or a unit transversal potential vector field ω(⊥ ξ) then the potential vector field
is Killing.

Proof 3.2 Suppose that a 3−dimensional cosymplectic manifold M admits a Yamabe soliton with
the potential vector field V = ξ. It is obviously Killing vector field. When V is orthogonal to ξ and
of unit length, from above theorem we have g(∇ξV, ξ) = 0. On the other hand, putting X = ξ and
Y = ξ into equation (3.14) gives

g(∇ξV, ξ) = (λ−R)g(ξ, ξ) (3.15)

Consequently λ−R = 0, which completes the proof.

Theorem 3.3 If an f−cosymplectic manifold M2n+1 admits a contact Yamabe soliton , then M2n+1

is cosymplectic manifold.

Proof 3.4 In view of (2.4), we have

(Lξg)(X, Y ) = 2f [g(X, Y )− η(X)η(Y )]

Therefore it implies from the Yamabe soliton (1.1) with V = ξ that

(λ−R)g(X,Y ) = fg(X, Y )− fη(X)η(Y ), (3.16)

therefore for any vector field X on M , we have

(R− λ+ f)X = fη(X)ξ. (3.17)

By taking X = ξ and using (3.17), we get

(R− λ+ f)ξ = fη(ξ)ξ,

thus (R− λ)ξ = 0. It follows that R = λ. Consequently Lξg = 0 and ξ is Killing vector field.

5



References

[1] N. Aktan, M. Yildirim M, and C. Murathan, Almost f-Cosymplectic Manifolds, Mediterr. J.
Math. 11 (2014), 775-787.

[2] D. E. Blair, Riemannian Geometry of Contact and Symplectic Manifolds, Progr. Math., Vol.
203, Birkhäuser, 2010.
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